Minimal SU (5) Grand Unified models predict massless neutrinos and struggle to achieve gauge coupling unification compatible with the observed lower limit on the proton lifetime. Both of these issues can be resolved by embedding minimal radiative neutrino mass models into SU (5). We systematically analyze the possible ways to realize radiative neutrino mass generation in SU (5) and provide a list of the minimal models. We find various models that have not been considered in the literature and demonstrate the compatibility of radiative neutrino masses with gauge coupling unification and proton decay for a new class of models with vector-like fermions.
does not contain the fields required for tree-level neutrino masses there is no preference for extensions that allow for seesaw scenarios over those with radiative mass generation. In addition, the minimality of the theory, which is often a key guiding principle in the assessment of radiative neutrino mass models, could appear in a different light when seen from a UV-perspective instead of bottom-up. It is therefore of great interest to investigate all options for radiative neutrino masses in a GUT. Some general considerations concerning gauge coupling unification in radiative neutrinos masses can for example be found in [21] . The embedding of radiative neutrino masses into GUTs in general and minimal renormalisable SU (5) (M RSU (5)) in particular is not a completely new question, see [22] for an example of a SU (5)-symmetric realization of the Zee-model or [23] for a two-loop neutrino mass model. However, a systematic study of possible UV-completions has not been undertaken so far. We will fill this gap in this work. Interestingly, we find that the additional multiplets required by the mass generation mechanism also provide the fields that allow for successful unification.
The structure of the paper is as follows. First, we comment on different ways to generate neutrino masses and analyze which minimal model for radiative neutrino masses can be realized in SU (5) GUTs in Sec. II. The one-loop contribution of models with new fermions is analyzed in Sec. III. Next, we introduce the conditions for successful unification of the gauge couplings and phenomenologically viable proton lifetime in Sec. IV before discussing the phenomenology of the viable models in more detail in Sec. V. Finally, we summarize our conclusions in Sec. VI.
II. SU(5)-EMBEDDING OF RADIATIVE NEUTRINO MASSES
As mentioned previously, the minimal field content of a renormalizable SU (5) theory that can accommodate the observed charged fermion masses and achieve unification in agreement with current proton decay limits predicts vanishing neutrino masses [22] . Since at least two neutrinos must have non-zero masses in order to explain the arXiv:1907.05328v1 [hep-ph] 11 Jul 2019 observed neutrino oscillations an extension of the theory is unavoidable. In order to systematically track down all possible ways of incorporating radiative neutrino masses in a GUT framework, we start from the classification of radiative neutrino masses in terms of the minimal required field content presented in [24] . In the following, we use the notation introduced therein for the different realizations of radiative masses. By mapping the gauge quantum numbers of the particles found in the classification at the electroweak scale to the low-energy decomposition of the SU (5)-multiplets we can identify all ways of completing simple radiative neutrino mass models. In this study we limit ourself to moderately sized SU (5)-multiplets and do not investigate representations larger than 75. A list of the decomposition of the relevant SU (5) multiplets up to 75 and a more general discussion about the group theoretical decomposition can be found in [25] . In general, all models require at least two new SM multiplets which can be either scalars or fermions. We will list all models with a "minimal" field content that lead to neutrino masses. However, we will restrict ourselves to the models in which the standard seesaw-scenario cannot be realized. Similarly, we include models that predict unacceptable ratios of the charged fermion masses at the renormalizable level in the tables but disregard them in the ensuing discussion. Regarding notation, we use φ i to denote scalar fields and ψ i for fermions, where i indicates the dimension of the SU (5)-representation. Scalar models: The models that only require the addition of new scalar representations are listed in Tab. I.
Model Scalar content
Neutrino mass model S1 φ5, φ24, φ10 cA2,(cA1), (A4) S2 φ5, φ24, φ15 seesaw type II, (cA5) S3 φ5, φ24, φ10, φ40 cA2,(cA1), (A4),(A2) S4 φ5, φ24, φ10, φ50 cA2, (A1),(cA1), (A4) S5 φ5, φ24, φ10, φ
seesaw type II, (cA5), (cA7) S8 φ5, φ24, φ45, φ40, φ50 A3 We find eight different ways to embed this class of radiative neutrino masses in SU (5). The models S1-S5 do not contain the 45 and require additional new physics for the generations of the observed charged fermion masses. In addition, we find two models, S2 and S7, that contain the scalar SU (2)-triplet required by the type-II seesaw. It would be unexpected if the radiative contributions are responsible for the observed neutrino masses and we do not consider these models further. This leaves the models S6 and S8 which fulfill all the quality criteria we have defined for an attractive SU (5)-symmetric radiative neutrino mass model. Both these model have been discussed in the literature before. Model S6 extends the scalar content of M RSU (5) by a 10. This allows for a SU (5) realization of the classic Zee model and neutrino masses are generated at one-loop. The phenomenology has been analyzed recently [22] and it has been shown that this model allows for successful unification provided that some of the new scalars get a mass < ∼ 100 TeV. In addition, there are two other one-loop contribution to the neutrino mass, cA2 and cA4 in the notation of [24] . These contributions contain scalar leptoquarks and can also induce neutrino masses of the correct order of magnitude [26] . In the second possible model, S8, the required addition consists of two scalar multiplets, a 40 and 50. This leads to neutrino masses at the two-loop level. Viable solutions for neutrino masses and unification in the SU (5)-completion of S8 have been pointed out previously [23] . Mixed scalar and fermionic models: Models requiring both new scalar and new fermionic representations are listed in Tab. II.
Model Scalar content Fermionic content
Neutrino mass model F1 φ5, and φ24 ψ 5 , ψ10, ψ1 seesaw type I F2 φ5, and φ24
F8 φ5, φ24, φ45, φ40 There are eight different ways to embed minimal radiative neutrino mass models with an additional fermion into SU (5). For completeness, we also list the simplest possibilities for type-I seesaw. The first three listed possibilities do not have a scalar 45 and, therefore, we omit them from our discussion. Three more models contain fermionic singlets and/or triplets and allow for the generation of neutrino masses by the type-I and III seesaw mechanism. This leaves four models, F7-F10, which deserve closer attention. In F7 and F10 the neutrino mass is generated by two-loop diagrams while F8 and F9 already predict non-zero m ν at one-loop order. To the best of our knowledge neither of these models has been discussed in the literature so far. A GUT realization of neutrino masses based on diagrams with the same topology as F8 is discussed in [27] . However, their field contend already allows for the generation of neutrino masses at one-loop without any extension of the fermion sector and, therefore, does not fulfill our minimality conditions.
Fermionic models: Finally, we would like to comment on the possibility of models without additional scalars. It has been shown in [24] that purely fermionic extensions of the SM that generate neutrino masses only at the loop-level require at least three new fermions, a triplet, 4-plet and 5-plet of SU (2) L . In particular the 4-and 5-plet are hard to embed in a complete SU (5) multiplet and we do not find any UV-completion of purely fermionic extensions which fulfills our limit on the size of the representation. Nevertheless, we would like to comment that the fields can in principle be embedded in SU (5). One minimal possibility is to take the triplet from in a 15, the 4-plet from a 70 and the 5-plet from a 200.
III. ONE-LOOP MASSES WITH NEW FERMIONS
In order to get a better understanding of the physics in the one-loop models with new fermions a closer look at the expected neutrino masses is in order. We start with model F8 (F9 leads to similar results). The part of the Lagrangian relevant for the neutrino mass is
When the two Higgs doublets in φ 5 and φ 45 develop a vacuum expectation value, the charged components mix according to
where G + is the charged Goldstone boson absorbed by the gauge bosons, and
with the two vacuum expectation values of the Higgs doublets in the 5-plet and 45-plet. The charged Higgs field H + further mixes with the singly charged component Φ + ⊂ Φ ∼ (1, 2, 3/2) ⊂ φ *
40
: θ can be estimated as tan 2θ ≈ sin 2θ = 2λv
and the effective coupling λ is a combination of λ 1 and λ 2 ,
Here, we use the short notation c β = cos β, s β = sin β. The neutrino mass generation in F8 is depicted in Fig. (1) . Neglecting the mixing of the fermions, we find that the neutrino mass is given by
where we have introduced the shorthand notation s 2θ = sin 2θ. The effective Yukawa coupling reads
This result is in agreement with the results for a similar one-loop model obtained in [28] , and, in the appropriate limit, with the results for the Zee-model [17] .
While we expect h + 1 , which is to good approximation the charged component of a low energy 2HDM, to be comparatively light, the other masses can be much heavier. In the limit where m h + 2 is the largest of the masses appearing, the scale of the neutrino mass is proportional to
If the mass m F of the new fermion is the largest scale appearing in eq. (8), the dominant contribution to the neutrino mass is proportional to
Hence, depending on the regime, the neutrino mass leads to different bounds on the masses h + 2 and the new fermions ψ. The topology of the loop diagram in model F9 is similar. Therefore, we expect qualitatively and quantitatively similar results.
IV. UNIFICATION AND PROTON DECAY
In the following, we examine whether successful gauge coupling unification can be achieved within the new class of models featuring a mixed scalar-fermionic extension of the field contents. Since the scalar field content is similar this discussion applies to F7-F10.
At one-loop, gauge coupling unification is described by [29] α −1
where i = 1, 2, 3 runs over the SM gauge couplings and the one-loop β-functions b i
can be decomposed into the SM one-loop β-functions
and the contributions ∆b i,k of the new particles that need to be rescaled by
to account for the scale M k above which they contribute to the running. An efficient way to check for unification is to rewrite (12) in terms of
and the SM couplings at the electroweak scale, i.e. the finestructure constant α, the strong coupling α S , and the electroweak mixing angle sin 2 θ W . This leads to the equations [29] ln
and
As is well-known, the SM alone does not lead to unification. This is reflected in the SM prediction B 23 /B 12 ≈ 0.5, which is too small. Another constrain on B 12 can be derived from the requirement that the proton lifetime should be sufficiently large, since the new gauge boson in SU (5) unified theories mediate proton decay [1] . In the absence of additional contributions to the decay, the lifetime of the proton can be estimated as [30] 
With this result and Eq. (17), the current limit on the lifetime [9] τ P > ∼ 1.6 × 10 34 y (20) can be translated into a limit on the parameter B 12 :
the exact value depending on α GU T . Here we use a conservative estimate of α GU T = 0.05. The SM value is B 12 = 109/15. In a successful unification scenario, B 12 must be lowered, so the unification scale is in agreement with proton decay bounds. Therefore, beyond the SM fields, for instance the content of new multiplets required by neutrino mass generation, need to play a role in unification. We focus on models F7-F10 in the following. Assuming that there is no mass splitting in the new fermionic multiplets, the fermions influence the running of all couplings identically. Therefore, they do not help with unification and have no impact on the unification scale M GU T . However, they can not be neglected completely since they have an impact on the value of the coupling α GU T and might lead to a Landau-pole below the GUT scale.
In order to satisfy Eq. (21), a negative contribution to B 12 is required. We consider only scalars that have a negative contribution. The masses of all other scalars are assumed to be around M GU T , such that these fields do not alter the running of the gauge couplings. One exception is the scalar multiplet Φ ∼ (1, 2, −3/2) ⊂ φ 40 . It has a positive contribution to B 12 , but is required for the neutrino mass generation. Thus we allow it to be lighter than M GU T and consider its effect on gauge coupling unification. Additionally, the masses of scalars mediating proton decay are set to M GU T .
These selection criteria single out seven scalar multiplets from the field content of models F7-F10. The influence of these fields on the running of the gauge couplings is summarized in Tab. (III) (see also Tab. (II) in [23] ). In order to test for successful unification in this setup, we generate a set of seven r k -parameters at random and check the conditions (21) and If the conditions are not satisfied, the parameter set is discarded. We restrict the parameter r 2 describing the mass of the second Higgs doublet to the range [0.85, 0.95].
In the model F8, the new fermionic SU(5) multiplets will automatically receive a mass splitting of the order of the electroweak scale due to their Yukawa interactions. To make sure that the fermions do not influence the running of the couplings, and to avoid other possible problems of light vector-like fermions such as flavorviolation [31] , we assume that they are heavy enough for the splitting to be negligible, m F ≥ 10 5 GeV. As a result, a limit on the scalar mass can be derived by considering the neutrino mass. For O(1) Yukawa couplings, viable neutrino masses can be achieved if the mass of the scalar is larger than 10 11 GeV. Thus we restrict its r-value to r 7 ≤ 0.55. Additionally, an upper limit for the scalar mass can be inferred from the neutrino mass. In the regime where the fermion mass m F is larger than m h is the largest mass scale in the neutrino mass diagrams. In this regime, the factor
can at most be one, in which case, for O(1) Yukawa couplings, the scalar mass is fixed by the neutrino mass to be at most 10 15 GeV. This corresponds to a bound 0.15 ≤ r 7 . Taking this constraint into account the given solutions to the unification problem can also lead to viable masses for all fermions, including the neutrinos.
V. PHENOMENOLOGY
The parameter scan reveals that gauge coupling unification in agreement with proton decay and neutrino mass bounds is possible in the model F8. There is even a large range of parameters for which this can be achieved. The following two benchmark point illustrate that range. 13 GeV, mF = 3.6 × 10 13 GeV, and MGUT = 7 × 10 17 GeV. Large M GUT : The largest GUT scale achievable while maintaining the correct neutrino mass is about 10 18 GeV. One benchmark point with such a high unification scale is m φ (1,2,1/2) = 1200 GeV and m φ (1,3,0) = m φ (8,2,1/2) = m φ (3,2,1/6) = m φ (6,2,1/6) = 4600 GeV. The two remaining scalars φ (3,3,−2/3) and φ (1,2,−3/2) reside at an intermediate scale m φ (3,3,−2/3) = m φ (1,2,−3/2) = 3.6 × 10
13 GeV. The unification scale in this scenario is M GU T = 7 × 10 17 GeV. This benchmark point features only a small number of scalar mass scales. In addition, the mass of the new fermions is taken to be equal to intermediate scalar mass scale. The running of the couplings in this case, including two generations of the new fermions from F8, is shown in Fig. (2) . To achieve a high unification scale, many of the new particles which push the scale up need to be light. Among them is also a scalar color octet φ (8,2,1/2) . At this benchmark point, the mass of the scalar color octet is very close to the current bound from collider search of m φ (8,2,1/2) ≥ 4.2 TeV [32] , and might be excluded in the near future.
Low number of light fields: A realization with just four light scalars, the second Higgs doublet and the fields φ (6,2,1/6) , φ (3,3,−2/3) , and φ (1,2,−3/2) from the 40-plet, is also feasible. φ (6,2,1/6) , φ (3,3,−2/3) are responsible for successful unification. The second Higgs doublet is expected to be light, while the field φ (1,2,−3/2) is required to be light by the neutrino masses. Additionally, the new fermions have mass below the GUT scale as well. One benchmark point with this minimal number of light fields consists of two fields at the TeV-scale, m φ (1,2,1/2) = 1200 GeV and m φ (6,2,1/6) = 2200 GeV. The two other scalars reside at intermediate mass scales. In contrast to the previous case, their masses cannot be chosen equal with such a small number of light fields, so m φ (3,3,−2/3) = 2.0 × 10 8 GeV and m φ (1,2,−3/2) = 4.7 × 10 13 GeV. The fermion mass scale is m ψ = 4.6 × 10
13 GeV, while all other fields have masses of the order of the GUT scale m φ (1,3,0) = m φ (8,2,1/2) = m φ (3,2,1/6) = M GU T = 5.5 × 10
15 GeV. The running of the couplings in this case is illustrated in Fig. (3) . Note that this benchmark point predicts a proton lifetime of τ p ≈ 2.7 × 10 34 y, which is well within the reach of the planned Hyper-Kamiokande experiment [33] .
VI. CONCLUSION
We have investigated how gauge coupling unification and radiative neutrino masses can be addressed in minimal SU (5) models. As a first step, the embedding of minimal radiative neutrino mass models into SU (5) is demonstrated. Extensions with scalars and fermions allow for neutrino mass at one or two-loop. Insisting on a renormalizable generation of the charged fermion masses leads to nine distinct models with radiative contributions to the neutrino mass. Three of these can be realized with a purely scalar extension of the field content but in one also the type-II seesaw mechanism is viable. Hence, we find only two models for genuine radiative neutrino masses in minimal scalar extensions of renormalizable SU (5). Both possibilities have been considered in the literature and it has been shown that they allow for successful unification [22, 23] . Extending both the scalar and the fermionic sectors leads to the remaining six models. We again find that only four of these predict genuine loop-level neutrino masses while two also predict contributions from the type-I and type-III seesaw. We analyze the one-loop neutrino masses in models with new fermions and demonstrate that they provide options for a phenomenologically viable unification of the gauge couplings. Consequently, two of the main short comings of minimal SU (5) GUTs can be addressed simultaneously.
